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This paper investigates the dynamic behavior of elastoplastic collision of several non-sphere
particles through the spherical element combination method. The particles are cylinder, tri-
angle and square particles, which are combined by 2, 3 and 4 spheres using the spherical
element method, respectively. Results reveal that the collision of the evaluated irregular par-
ticles exhibits three contact styles, which are single point contact, instantaneous multi-point
contact and sequential multi-point contact. Normal contact torque and frictional torque act
together on the spin of a particle and causes sequential multi-point contact under certain
conditions for square particles.
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1. Introduction

Many research fields involve collision and transport of diverse particles such as dust proof in-
dustrial equipment, desert formation and migration and treatment of atmospheric pollutants,
etc. Natural particles are usually irregular, and it is difficult to describe their morphology. Thus,
they are usually idealized to be spheres to simplify the simulation of particles transport, deposi-
tion and erosion, which also correspondingly results in simulation errors. In a sense, prediction
of non-spherical particle collision characteristics has practical significance for development of
particle flows and two-phase flows.
Most of the particle impact models are established with spherical assumption and elastic or

elastoplastic theories. For example, Jackson and Green (2005) developed a spring damping model
based on elastic contact theory by simplifying the particle-particle contact to a spring damping
system, which was only available for the low velocity collision. Tabor (1951) divided the collision
process into three stages: elastic compression, plastic compression and elastic rebound, and
predicted the energy loss of each stage to calculate the coefficient of recovery (COR) of particle
collision. Thornton (1997) proposed an elastic-plastic particle impact model. Furthermore, He
and Wu (2008) developed an elastoplastic particle impact model based on the elastoplastic
contact theory and the assumption of the elastoplastic strengthening criterion. Yu and Tafti
(2016) proposed a novel collision model based on the Stronge model by incorporating a new
recovery law. It could accurately predict the collision behavior of millimeter and micron sized
particles. Then, they established the particle oblique impact model considering sliding and rolling
(Yu et al.,2017) and developed an elastoplastic impact model considering the surface adhesion
losses (Yu and Tafti, 2019).
However, theoretical method is difficult to describe details of particles deformation and con-

tact forces during collision. In contrast, numerical simulation can sufficiently integrate the factors
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of the particle geometry and well describe dynamic behavior of particle impact. In other words,
numerical simulation is sensitive to reflect the particles morphology, material properties and
impact velocity, etc. for particles collision. Wu et al. (2003) fitted a function of the coefficient of
restitution varying with impact velocity and impact angle for spherical particles by numerical
simulation. Kildashti et al. (2018) investigated the relationship of contact forces and the amount
of overlapped ellipsoidal particles by the finite element method. Zhang and Vu-Quoc (2002)
predicted collision characteristics between a sphere and a frictionless rigid surface by using the
finite element method.

Unfortunately, most natural particles have random irregular shapes, and it is difficult to
develop a unified model to predict particle impact behavior because of the diversity of particle
geometry. A few studies investigate collision mechanisms of non-spherical particles and majority
of them focus on certain specific geometries such as ellipsoidal, rectangular particles, etc. Gui
et al. (2016) proposed an extended theoretical particle-wall collision model for rigid particles.
It was validated by numerical simulation of the rectangular particle impact. Wynn (2009) in-
vestigated collision of ellipsoidal particles impact with a semi-infinite plane wall, and concluded
that COR varies considerably with initial orientation and can be greater than unity. Further-
more, many irregular particle geometry modeling methods have been proposed recently, such
as the hyper-quadric surface method (Cui et al., 2013; Wang and Ji, 2018) and the spherical
element combination method (Favier et al., 1999; You and Zhao, 2018), etc. Höhner et al. (2011)
completed simulation of irregular particles impact on a flat wall using the polyhedral geometry
modeling method and the results showed that there was a non-negligible effect of shape approx-
imation on the temporal force evolution in the normal and tangential direction. Kruggel-Emden
et al. (2008) established a rigid composite particle by the multi-sphere method and concluded
that the multi-point contact state of irregular particles and its collision dynamics remained to be
further improved. Azimian et al. (2015) investigated the erosion mechanism of irregular particle
impact to ductile copper target with spin. Kodam et al. (2009) predicted variation of contact
forces between column particles and a wall.

This paper presents an investigation of several non-spherical particles collisions considering
impact velocity, impact angle, particle spin and multi-point contact. The numerical model is
verified by experimental data of spherical particles collision. The results can provide support for
theoretical modeling of irregular particle collision, simulation of particle flow and multi-phase
flow.

2. Geometric model and collision prediction

A group of non-spherical particle geometries is constructed using the combined with spheri-
cal element method. The group includes double-sphere element cylinder particles, three-sphere
elemental triangle particles and four-sphere element square particles. The discussed irregular par-
ticles are composed of the same sized 2, 3 and 4 spherical elements, respectively. The schematic
diagram of particles combination and particle-wall collision are shown in Fig. 1. The central
distance between adjacent elements is the same as the element radius. Vi and Vr are the impact
velocity and rebound velocity, respectively. α is the impact angle and β is the rebound angle,
γ is the angle between the impact velocity and particle axis I direction (dash dot line in the
figure), and ϕ is the particle posture angle that is the angle between the axis I and the surface
tangential direction. ωi and ωr are the impact angular velocity and the rebound angular velocity,
respectively. It is assumed that the angular velocity counterclockwise direction is positive and
the clockwise one is negative.

The total COR is the ratio of the particle recovery velocity and impact velocity e = Vr/Vi.
The normal COR is the ratio of the rebound normal velocity and impact normal velocity, and
there is en = Vnr/Vni = (Vr sinα)/(Vi sinα).
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Fig. 1. Schematic diagram of the geometrical model and particle-wall collision

The duration of compression and rebound stages are the same for particle elastic collision,
and can be calculated as follows (Deresiewicz, 1968)
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Furthermore, the duration of compression and rebound stages for elastoplastic collision is
suggested to be as follows (Ning, 1995):
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where σY , ρ and en are the yield stress of the particle, particle density and normal coefficient of
restitution, respectively.
The average error η evaluates the accuracy of the numerical result, and it is
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where ξei is the experimental result, ξpi is the numerical result.

3. Collision simulation and verification

Two particle collision cases are employed to validate the particle elastoplastic collision model
compared with experimental data. The first is a normal impact of 1.29mm diameter steel parti-
cles with a steel wall (Kim and Dunn, 2007) and the second is a 0.1mm diameter glass particles



434 X. Xu et al.

impact with a steel wall at different impact angles (Sommerfeld and Huber, 1999). Table 1
shows material properties of the particles and walls. Figure 2 shows the geometry and mesh of
particle collision of Case 1. A half of the model is used to reduce the computational cost, as the
geometry and the load are symmetric with the plane z = 0. Mesh generation uses hexahedral
elements with a minimum size of 0.1µm and refines the grid at the contact region to improve
the accuracy. The total mesh of the sphere and wall are about 80 000 and 160 000, respectively.
Mesh independence is verified.

Table 1. Particle and wall material properties

Case Object Material
Density Young’s Poisson’s Yield stress Diameter
[kg/m3] modulus [GPa] ratio [MPa] [mm]

1
Particle Steel 7850 210 0.30 1410 1.29
Wall Steel 7850 205 0.30 345 –

2
Particle Glass 2200 72 0.17 1100 0.1
Wall Steel 7850 210 0.30 205 –

The bottom surface (y = 0) is fixed and the top surface is free. A symmetry condition
is applied at the symmetry plane (z = 0) and non-reflecting boundary conditions are applied
to the lateral faces of the target wall. The bilinear isotropic constitutive model describes the
stress-strain response of materials for deformations of the particle and wall and covers the range
from elastic to plastic one. Contact detection between the particle and wall uses a surface-to-
-surface automatic contact algorithm. The static and dynamic friction coefficients of Case 1 are
0.3 and 0.1, respectively. Table 2 shows the static and dynamic friction coefficients varying with
the impact angle of Case 2 (Abedi, 2009).

Table 2. Friction coefficient between the particles and wall

α [◦] 2 7 12 17 22 27 32 37 42

µ 0.375 0.375 0.20 0.18 0.10 0.10 0.10 0.09 0.09

Fig. 2. Geometry of the model and the mesh of test Case 1
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Figure 3 shows differences between the current numerical results with the experimental ones
(Kim and Dunn, 2007; Sommerfeld and Huber, 1999) and the numerical result of Abedi (2009).
Both the current result and Abedi’s result are well fit to the experimental data. The average
errors of the current result are 4.5% and 2.8%, respectively. Abedi’s result gives 14.25% and 3.2%,
respectively. It shows that the present model can well predict the particle collision behavior.

Fig. 3. Comparison of numerical and experimental results: (a) Case 1, (b) Case 2

Figure 4 shows the normal contact force varying with the impact process for impact velocities
of 10m/s and 50m/s of Case 1. The normal contact force keeps the zero value at the beginning,
i.e. for the initial gap between the particle and wall, and gets larger after the contact between
the particle and wall starting. The contact force keeps on rising in the compression process until
the maximum value is reached when the particle velocity is zero. Then the contact force falls
during the rebound process and becomes zero at the end of the collision. Elastic potential energy
converts to particle kinetic energy in the rebound stage. Collision duration is equal to the sum
of compression and rebound stage duration. The predicted collision duration of the 1.29mm
particle impact at 10m/s and 50m/s is 4.1µs and 3.1µs, corresponding to the theoretical result
of 3.9µs and 3.5µs obtained by Eqs. (2.2) and (2.3). The difference between the numerical and
theoretical results are 5.1% and 11.5%, respectively.

Fig. 4. Normal contact forces varying with the particle impact time in Case 1
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4. Non-spherical particles collision

This Section presents numerical investigations of the three discussed non-spherical particle im-
pacts at different velocities and postures, with the equivalent diameter of 1.29mm. The spherical
element diameters of the double-sphere element cylinder particle, three-sphere element triangle
particle and the four-sphere element square particle are 1.084mm, 0.988mm, and 0.916mm,
respectively. The meshing of the non-spherical particles and the wall in the finite element model
is shown in Fig. 5. The current wall size, material model and the boundary conditions are the
same as in Case 1 in Section 3. Multi-point contact will happen for the irregular particle impact
with a flat surface, and makes the collision more complicated than in the spherical particles
collision. Figure 6 shows a schematic diagram of multi-point contact for the evaluated particle
impact with a flat surface, which is instantaneous multi-point and sequential multi-point contact.
The instantaneous multi-point contact means contact with the surface by two or more points
at a moment, and the sequential multi-point contact means that the particle contacts with the
surface more than one time in a short period.

Fig. 5. Schematic diagram of meshing of non-spherical particles and wall: (a) cylinder, (b) triangle,
(c) square, (d) wall

Fig. 6. Schematic diagram of multi-point contact of non-spherical particles: (a) instantaneous
multi-point contact, (b) sequential multi-point contact
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4.1. Normal collision

The normal impact (shown as in Fig. 1 of α = 90◦) means that the particle impact goes
along the surface normal direction, otherwise an oblique impact happens. The orientation of the
particle axis I decides about the particle impact posture. An instantaneous two-point contact
happens for a double-sphere elemental cylinder particle normal impact when the axis I is parallel
to the tangential surface, and the same condition happens while the posture angles ϕ (angle of
direction of the axis I and the tangential surface) are 60◦ and 45◦ for the three-sphere element
triangle particle and four-sphere elemental square particle, respectively.
Figure 7 shows the normal COR and collision duration of the three discussed particles of

the normal impact at different velocities and postures. The normal COR decreases with the
increasing impact velocity, and COR of instantaneous multi-point contact is usually higher than
that of single point contact for a specified particle. The instantaneous multi-point contact has
more elastic potential energy during the compression stage than the single-point contact and
makes fewer plastic deformation losses. Collision duration decreases with the impact velocity,
and varies between 2.5µs and 6.0µs for the discussed particles when the impact velocity is
kept between 5m/s and 50m/s. The duration of instantaneous multi-point contact is shorter
than single-point contact for the same particle. It also shows significant differences for the normal
COR and collision duration among the three discussed particles though they have the equivalent
volume, impact velocities and impact postures. It indicates that the particle morphology and
contact state have an effect on the particle collision behavior.

Fig. 7. Normal COR and collision duration of the particle impact in the normal without spin

4.2. Oblique collision

This Section presents the numerical prediction of the three discussed non-spherical particle
oblique impacts at different velocities and angles. The direction of the normal contact force is
considered to go through the center of mass for spherical particle collision. In that case, only the
tangential force generates a rotational moment. In contrast, the direction of the normal contact
force goes through the center of the contacted sphere element for the investigated three non-
-spherical particles. Both the normal and tangential forces create the particle spin. Therefore,
it will generate a significant difference in collision characteristics between non-spherical and
spherical particles of the oblique impact. And here, only the case in which the particle axis I is
the same as the direction of impact velocity is investigated. In other words, the particle posture
angle ϕ is equal to the impact angle α. The initial angular velocity of the particle is zero.
Figure 8 shows the normal COR curves of the three discussed particle oblique impacts with

different angles and the impact velocities of 10m/s and 50m/s. The normal COR decreases
with the impact velocity of a specified particle with the same impact posture. However, there
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are three contact types for the discussed non-spherical particles, which are single point contact,
instantaneous multi-point contact and sequential multi-point contact. The impact angle (impact
gesture) causes variation of the contact type, and leads to normal COR variation. There is only
single point contact for the cylinder particle oblique impact. The maximum COR appears at the
impact angles of 30◦ and 45◦ for the triangle and square particles when instantaneous multi-point
contact happens. Interestingly, sequential multi-point contact happens for the square particle
collision when the impact angle is 30◦ and the impact velocity is 50m/s. In this case, the particle
contacts with the target surface twice within a short time, and the normal COR rises from 0.12
to 0.37 for the first and second contact. Besides, the directions of normal contact forces torque
of the first and second contact are opposite (shown in Fig. 6b), and this reduces the particle spin
speed (shown in Fig. 9c). This means that a part of particle rotational kinetic energy transfers
into normal translational kinetic energy during the second contact. Therefore, the particle spin
causes continuous multiple collisions during the collision process in certain conditions, and affects
particle collision dynamics, which is different from the single point contact of particle collision.
This also illustrates that the impact angle and particle morphology have an effect on the normal
COR.

Fig. 8. Normal COR curves of non-spherical particles varying with the impact velocity

Figure 9 shows the rebound angular velocity of the three discussed particle oblique impacts
with different velocities and impact angles. The present study investigates particles colliding
with the impact angles of 15◦, 30◦, 45◦, 60◦ and 75◦. Not only the tangential force generates
a particle spin torque, but also the normal contact force generates a non-spherical particles
spin because of the contact point offset from the particle center. The magnitude of rebound
angular velocity increases with the impact velocity for a specified impact angle. The cylinder
particle spins counter-clockwise when the impact angles are 15◦ and 30◦, whereas clockwise
for the impact angles greater than 45◦. The other particles spin counter-clockwise at evaluated
impact angles, and the maximum rebound angular velocity appears at the impact angles of
15◦ and 30◦ for triangle and square particles, respectively, and the minimum rebound angular
velocity appears at the impact angles of 45◦ and 75◦. The particle spin obviously speeds up
when the normal contact force torque is in the same direction as the tangential force torque.
In contrast, the particles spin will be reduced. Furthermore, instantaneous multi-point contact
happens at impact angles of 30◦ and 45◦ for the triangle and square particles. The direction of
the normal contact force between the particle and wall at the two contact points is the same.
Combined with the analysis in Fig. 7, the normal COR is larger than that of other single-point
contacts, which is beneficial to an increase in the normal translation velocity. However, the two
normal contact forces take moments on the centroid of the mass of the particles, and the two
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moments are in opposite directions, which is not conducive to increasing the particle spin speed.
Briefly, before and after the particle collision, the variation of angular velocity results from the
combination of normal and tangential forces and makes the rebound angular velocity difficult
to predict exactly.

Fig. 9. Rebound angular velocity varying with the impact velocity for non-spherical particles:
(a) cylinder particle, (b) triangle particle, (c) square particle
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5. Conclusions

This paper investigates the impact dynamics of certain non-spherical particles. The spherical
element combination method establishes geometry of a double-sphere element cylinder parti-
cle, three-sphere elemental triangle particle and four-sphere element square particle. The finite
element method predicts the normal COR and rebounds the angular velocity for the particle
impact with different velocities and angles. The main conclusions can be drawn as follows:

• The established FEM model can well predict rebound characteristics of the particle normal
and oblique impact, validated by experimental data.

• Collision of non-spherical particles shows a more complicated contact process than that
of spherical particles. There are three contact types of single-point contact, instantaneous
multi-point contact and sequential multi-point contact during collision of the discussed
three non-spherical particles.

• Normal COR and collision duration usually decrease with the impact velocity. Instanta-
neous multi-point contact and sequential multi-point contact happen under certain con-
ditions for non-spherical particles. Contact details of non-spherical particles have a sig-
nificant effect on collisions, which is different from single-point contact of the spherical
particle collision.
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